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a b s t r a c t
We present exact solutions for the position-dependent mass Schrödinger equation
(PDMSE) in an annular billiard with impenetrable walls where the mass is allowed to
depend on the radial position, i.e.,µ = µ(r). Exact wavefunctions are calculated explicitly
for four mass distributions.
© 2012 Elsevier B.V.
1. Introduction
Recently several authors have presented exact as well as approximated solutions for position-dependent mass
Schrödinger equation (PDMSE). We can point out two important aspects of this problem: first is a purely theoretical one,
when one tries to enlarge the known set of exact solutions of PDMSE; the second one comes from the applications such
systems can have quantum dots [1], scattering on abrupt heterostructures [2,3], motion of a position-dependent mass as an
anti-damping process [4] and supercooled fluids [5]. We can mention also the so-called cloak effect [6] where the position-
dependent mass plays a key role, as well as a study about the collective motion of deformed nuclei [7], where the mass
depends on the nuclei deformation. Along these lines several papers were published and exact solutions were presented for
PDMSE in 1D, 2D, and 3D.
The one-dimensional quantum rotor with angular-dependent mass was investigated for the first time in Ref. [8], and
we have shown how to produce squeezed wave-packet using an electric field, as well as using just a position-dependent
background. The properties of the background where the wavefunction propagates is the mechanism responsible to drive
its probability density [9]. Techniques to solve PDMSE using semi-simple Lie groups were presented in Ref. [10]. Effects of
these position-dependent systems can be very interesting, one of such examples, presented by Yao, Zhou andHu concerns an
experimental study about negative effective mass in an oscillating system [11], such a property can be theoretically realized
also in static fields [12]. More recently, Killingbeck [13] has related the Hartree shooting method, at second order, to PDMSE
for the harmonic oscillator, Castro [14] has analyzed the Dirac equation with position-dependent mass, Koç and Sayin [15]
have calculated approximated solutions for PDMSE, and Costa Filho et al. [16] and collaborators have studied the so-called
displacement operator in order to investigate exact wavefunctions for simple potentials [17].
In a previous work [1] the author and collaborators analyzed the time evolution of a wave-packet inside a circular
quantum dot when the mass is allowed to be position-dependent along radial distance, µ = µ(r). We calculated the
so-called revival time and claimed that the Zhou Kremer parameters are more appealing for von-Roos Hamiltonian. Two-
dimensional systems in the presence ofmagnetic fieldwere studied by Souza Dutra andOliveira [18], and three-dimensional
ones were analyzed by Mustafa [19].
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The results we present in this paper can be applied also to the so-called pointed plane problem, namely the plane where
one extract the origin, i.e., R˙2 = R2 − {0, 0}. In Ref. [20] Kowalski and collaborators studied the self-adjoint extension of
the Hamiltonian operator in the pointed plane and the possibility of bound states. Filgueiras and Moraes, using physical
considerations as well as self-adjoint extension techniques studied quantum mechanics on the cone [21], and they were
able to pinpoint the physically allowed set of parameters generated by the self-adjoint technique. The results we present in
this paper can also be applied to that topology if the mass is allowed to depend on the radial position. Our objective in this
paper is to present new solutions of position-dependent mass Schrödinger equation.
The outline for our paper is the following: in Section 2 we write the Hamiltonian for two-dimensional systems in polar
coordinates. In Section 3 we exactly solve the PDMSE for radial dependent masses, and in Section 4 we conclude the work.
2. PDM Schrödinger equation
The ordering problem for PDM Hamiltonians is well-known [18]. The question is to pinpoint the correct Hamiltonian –
which satisfies all physical assumptions like self-adjointness – for a given problem and then how to solve the corresponding
Schrödinger equation. The effective mass is usually written as M(r⃗) = m0µ(r⃗). Specializing to the case of 2D systems
with radially varying mass, we follow the result of Quesne [22] and write the self-adjoint Hamiltonian operator in polar
coordinates as
Hpdm = H0 + µr∂r
µ2
+ 1+ β
2µ2

µrr + µr
µ

− f (α, β)µ
2
r
µ3
+ V (r). (1)
Here µr stands for the derivative dµ/dr , ∂r = ∂/∂r , and H0 is the usual Hamiltonian operator,
H0 = −∂
2
r
µ
− ∂r
µr
− ∂
2
θ
µr2
, (2)
written in terms of the atomic Rydberg units (h¯ = 2m0 = 1), and f (α, β) = [α(α + β + 1)+ β + 1]. In our analysis we
consider a theoretically allowed set of parameters, i.e., the ones of Zhou and Kromer [23] (ZK), where α = −1/2, β = 0.
Dutra and Almeida [24] as well as Mustafa andMazharimousavi [25] presented tests to shed some light in the long-standing
ordering problem and the best candidate, as far as we know, is the referred ZK set. Among the several possible Hamiltonians
we focus our efforts in ZK because it is a strong candidate for this purpose.
We solve analytically the position-dependent mass Schrödinger equation for an impenetrable annular billiard defined
by
V (r) =

0, if rint ≤ r < rext
∞, otherwise, (3)
where rint and rext are both positive constants and they stand for the billiard’s internal and external radius, respectively.
The well-known angular solution can be obtained through the substitution φ(r, θ) = ψ(r)Θ(θ), and from the periodic
boundary conditions over θ we have
Θm(θ) = 1√
2π
exp(imθ), (4)
withm = 0,±1,±2, . . . the angular-momentum quantum number. For ψ(r)we have to solve
Hpdmψnm(r) = Enψnm(r), (5)
where Hpdm is given by Eq. (1), from where we obtain the radial eigenfunctions ψnm(r) and the eigenenergies Enm, which
depend onm and the principal quantum number n, as explained in the next section.
3. Radial dependent mass
In this section we study the previous PDMSE, Eq. (5), when µ = µ(r) and the potential is given by (3). The four effective
masses were chosen with two free parameters, which can be useful to control the effective mass behavior near the billiard
internal and external walls, as we can observe in Fig. 1.
3.1. Exact solution: µ1(r) = a+ b/r
As a first example let us tackle the Schrödinger equation with mass distribution given by
µ1(r) = a+ br , (6)
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Fig. 1. Plot of effective masses µi(r), with i = 1, 2, 3, 4 and colors (blue, pink, yellow and green, respectively). The internal and the external radius are
rint = 0.1 and rext = 1, and the parameters are a1 = a2 = 2, b1 = a3 = 1, b2 = b4 = 1/2, b3 = 0.2 and a3 = a4 = 5. The parameters can be adjusted in
order to model the effective mass behavior inside the billiard. (For interpretation of the references to colour in this figure legend, the reader is referred to
the web version of this article.)
where r is the radial distance and a and b are real parameters. The Schrödinger equation reads
d2ψ(r)
dr2
+ 2b+ ar
r(b+ ar)

dψ(r)
dr

−

m2
r2
−

a+ b
r

En + b(2ar − b)4r2(ar + b)2

ψ(r) = 0, (7)
in order to simplify this equation we use the ansatz,
ψ(r) = µ1(r)F(r), (8)
so one gets the simpler ODE,
r2
d2F(r)
dr2
+ r dF(r)
dr
+ −m2 + r(b+ ar)En F(r) = 0, (9)
whose solution can be written as a linear combination of generalized Laguerre and confluent hypergeometric functions,
Fnm(r) = rm exp(−i

aEnr)

c1U

ν1 +m, 1+ 2m; 2i

aEnr

+ c2L2m−ν1−m

2i

aEnr

, (10)
where we defined
ν1 = 12 +
ib
2

En
a
. (11)
For circular billiards [1] one must take c1 = 0 since the confluent hypergeometric function is not regular at the origin.
Conversely, in the annular billiard the radial distance never becomes zero, i.e., rint ≤ r ≤ rext and the U(·) is a physically
admissible solution of Schrödinger equation.
3.2. Exact solution: µ2(r) = a+ b/r2
Another mass distribution that has not been studied in the literature in the annular billiard is
µ2(r) = a+ br2 , (12)
which produces the following Schrödinger equation,
d2ψ(r)
dr2
+ 3b+ ar
2
r(b+ ar2)

dψ(r)
dr

−

m2
r2
−

a+ b
r2

En − b(2ar
2 − b)
r2(ar2 + b)2

ψ(r) = 0, (13)
an ansatz like Eq. (8), namely,
ψ(r) = µ2(r)F(r), (14)
allows one to write,
r2
d2F(r)
dr2
+ r dF(r)
dr
+ −m2 + (b+ ar2)En F(r) = 0. (15)
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Now the solution are simply Bessel and Neumann functions,
Fnm(r) = c1Jν2

aEnr

+ c2Yν2

aEnr

, (16)
where
ν2 =

m2 − bEn. (17)
Once again a solution which must be removed in the circular billiard, namely, the second term – the Neumann function –
appears here since the wavefunction is not allowed to propagate at the origin.
3.3. Exact solution: µ3(r) = ar + b/r2
Let us turn to the third mass distribution, which is written as
µ3(r) = ar + br2 , (18)
such mass distribution produces a cumbersome Schrödinger equation,
4r

ar3 + b r ar3 + bψ ′′(r)+ 3bψ ′(r)+W (r)ψ(r) = 0, (19)
where
W (r) = a2r6 4aEnr3 − 4m2 + 1− 4b2 −3aEnr3 +m2 − 1+ 2abr3 6aEnr3 − 4m2 − 11+ 4b3En, (20)
however the same ansatz,
ψ(r) = µ3(r)F(r), (21)
greatly simplifies the above equation,
r2
d2F(r)
dr2
+ r dF(r)
dr
+ −m2 + (b+ ar3)En F(r) = 0, (22)
which is solved by Bessel and Neumann functions,
Fnm(r) = c1Γ

1− 2ν2
3

Jν3

2
3

aEnr3/2

+ c2Γ

1+ 2ν2
3

Yν3

2
3

aEnr3/2

, (23)
where ν2 is given in the previous subsection, Eq. (17), and ν3 = 2ν2/3. Therefore the non-normalized wavefunctions are
easily obtained through Eqs. (21) and (23).
3.4. Exact solution: µ4(r) = ar2 + b/r2
The last mass distribution we study in this work is written as
µ4(r) = ar2 + br2 , (24)
and the PDMSE reads,
r

ar4 + b r ar4 + bψ ′′(r)+ 3b− ar4ψ ′(r)+W(r)ψ(r) = 0, (25)
where
W(r) = a2r8 aEnr4 −m2 + 1+ b2 3aEnr4 −m2 + 1+ abr4 3aEnr4 − 2m2 − 10+ b3En,
which after the substitution,
ψ(r) = µ4(r)F(r), (26)
provides us with the ODE for F(r),
r2
d2F(r)
dr2
+ r dF(r)
dr
+ −m2 + (b+ ar4)En F(r) = 0, (27)
and the solutions are Bessel and Neumann functions,
Fnm(r) = c1Jν4

1
2

aEnr2

+ c2Yν4

1
2

aEnr2

, (28)
where ν4 = −ν2/2 is the same as in Eq. (17) of Section 3.2.
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The energy eigenvalues for all of these systems can be calculated numerically imposing that, since the billiard wall are
impenetrable, the wavefunctions vanish at rint and at rext simultaneously, i.e.,
ψi(rint) = 0
ψi(rext) = 0 (29)
where i = 1, 2, 3, 4 labels the mass distribution. The above system has non-trivial solutions if its determinant is
equal to zero. Then one obtains a transcendental equation for the energy eigenvalues, involving Laguerre and confluent
hypergeometric functions (i = 1), or Bessel and Neumann functions for i = 2, 3, 4, which can be solved numerically.
4. Conclusions
We tackled the task of solving the position-dependent mass Schrödinger equation for an annular geometry Eq. (3), and
considered fourmass distributions given byµi(r), with i = 1, . . . , 4, as shown in Eqs. (6), (12), (18) and (24). Using the ansatz
(8) we were able to solve exactly the radial equations. These results can be used to study the time evolution of quantum
mechanical systems in the so-called pointed plane as well as in the cone topology if the mass is allowed to depend on the
radial position.
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